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ABSTRACT

Inventory is essential for the efficient runningasfy business. Single location inventory systegpissidered by
many researchers. This paper deals with two echalmntory system with handling two products havjomt ordering
policy. The demand for the products follows indegesnt poison distributions at retailer and distrisutode. The items are
supplied to the retailers from the distribution 'een(DC) administrated with exponential lead tim@ving parametep
(>0). The joint probability disruption of the inviemy levels of two products at retailer and theigp are obtained in the
steady state case. Various system performance msaare derived and the long run total expectedntory cost rate is

calculated. Several instances of numerical examplegh provide insight into the behavior of thestgm, are presented.
KEYWORDS: Continuous Review Inventory System, Two-EchelomtJ@rdering Policy

1. INTRODUCTION

Inventory control system in two-echelon or multhelon has been considered by many researchers. dfltst
papers the authors concentrate on periodic revimentory system. A first quantitative model to fiad optimal (s, S)
inventory policies for single item at single loceti is considered by Veinott and Wagner[10]. Thaagaand
Ramanarayanan[9] develop an inventory model witb t&-order levels and random lifetime. Gross andrisig7]
considered the inventory system with state depenigewl times. All the above papers deals only witigle location
inventory system. This paper deals with two echdlorentory system(retailer —lower echelon, distritsu— higher

echelon) handling two different products suppligdhe same distributor.

Anbazhagan and Arivarignan [1] have analyzed twornodity inventory system under various orderingqes.
Yadavalli et. al., [11] have analyzed a model vjitimt ordering policy and varying order quantiti&adavalli et. al., [12]
have considered a two commodity substitutable itorgnsystem with Poisson demands and arbitrarigfritiuted lead

time.

In a very recent paper, Anbazhagan et. al. [2] idemed analysis of two commodity inventory systerithw
compliment for bulk demand in which, one of tharigefor the major item, with random lead time butamtaneous
replenishment for the gift item are considered. Tdst sales for major item is also assumed wheritéms are out of
stock. The above model is studied only at singlation(Lower echelon). We extend the same in totireahelon
structure (Supply Chain)with joint ordering polichhe rest of the paper is organized as follows. Mbeel formulation is

described in section 2, along with some importantations used in the paper. In section 3, steaaty sinalysis are done:
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Section 4 deals with the derivation of operatingrelteristics of the system. In section 5, the ewstlysis for the

operation. Section 6 provides Numerical examplessamsitivity analysis.

2. MODEL
2.1. The Problem Description

The inventory control system considered in thisqrap defined as follows. We assume that finishexdipcts are
supplied from warehouse to distribution centre (M@)jch adopts (0, M) replenishment policy then pheduct is supplied
to retailer (R) who adopts;(£Q) policy. The demands at retailer node follows peledent Poisson distribution with rate
A (=1, 2). The items are supplied to the retailarpacks of Q (Q = @Q,) where Q(= S-s) from the distribution center
(DC) administrated with exponential lead time hgvparametep (>0). The direct demand at distributor node fokow
Poisson distribution with rate,. The replenishment of items in terms of pocketsasle from WH to DC is instantaneous.
Demands that occur during the stock out periodsaasemed to be lost sales. In this model the maxinmventory level
at retailer node;Ss fixed and he reorder level is fixed a$os the i-th commodity and the ordering policytasplace order
for @ (= S-s) items (i = 1, 2) when both the inventory levels &ess than or equal to their respective reorelszl$. The
maximum inventory level at DC is M (M = nQ). Tharjbprobability distribution for both commodities bbtained in

steady state cases.

The optimization criterion is to minimize the totalst rate incurred at all the location subjedht® performance

level constrains. According to the assumptionsotihdand inventory levels at all the nodes followaradom process.
2.2. Analysis

Let Ii(t), (i = 1, 2,3) denote the on-hand inventory lsvier commodity-1, commodity-2 at retailer nodedan
Distribution Centre (DC) respectively at time t¥of the assumptions on the input and output preses$&) = { k(t);

0}(i = 1, 2,3) is a Markov process with state space
(i,k,m) /i=S1,(S-1), ... ,.§ ,(3- 1), ...,24,,
E=7k =5 ,(-1), ...,9% ,(8- 1), ...,2,1,0.
m = nQ,(n-1)Q, ...,Q

Since E is finite and all its states are recurramt-null, 1(t) = { |(t); t> O}is an irreducible Markov process with
state space E and it is an ergodic process. Héeckntiting distribution exists and is independehthe initial state. The

infinitesimal generator of this process
R=(@(,k,m: L) «m).eiLnoe

can be obtained from the following arguments.

» The arrival of a demand for commodity-1 at retaib@de makes a state transition in the Markov p®éesn

(i, k, m) to (i-1, k, m) with intensity of transim A;.

* The arrival of a demand for commodity-2 at retaib@de makes a state transition in the Markov pdesn

(i, k, m) to (i, k-1 m) with intensity of transitio\,.
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The arrival of a demand at distributor node makstage transition in the Markov process from (i, to (i, k
m-Q) with intensity of transitionp.

Joint Replenishment of inventory for commodity-1laoatnmodity-2 at retailer node makes a state triansinh the

Markov process from (i, k, m) to (i+Qk+Q,, m-Q) with intensity of transitiop .where Q = @+Q,

The infinitesimal generator R is given by

A B O 0 O
0O A B 0 O
|0 0 A 0
0O 0 O A B
B 0 0O - 0 A

The entities of matrix R are given by

A if p=q ;P =nQ ,(MQ, ..., 3Q, 2C
R = B if p=a+Q ; p=nQ,(n-1)Q.., 3Q, 2C
Pa B if p=o-(1)Q ;p=Q.
0 otherwise

The sub matrices of matrix R are given by

Ap if p=q p=5 .6 1,E 2),.(s+1)
A, if p=gtQ ;p=8 .- I.(& 2 ... 1
[Alq=1A3 if p=a  ip=s. s D.Gs 2), .1
A4 if p=q ;p=0

0 otherwise

[B]:{“ fp=9g+Q ;q9=% ,(6~ 1), ...,

0 otherwise

The sub matrices of matrix A are given by

A ifp=9-1;9=12,..,8
-AM+A,+Ap)ifp=0-1;9=1.2,..,S
(A2 +Ap) ifp=q;q=0

0 otherwise

A1:
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A, ifp=gl:9=12, ..,
Af{ 2 ifp=0l;:q $

0 otherwise
A ifp=09-1;9=12,..4S
A = -A +A,+Ap+)ifp=0g-1;9=12,..,5
> |- txptw)  ifp=q ig=0
0 otherwise
A fp=09-1;9=12,...,8
A= -AM+As+Ap+y) ifp=0-1;9=1,2, ... ;S
l-ap)  ifp=g ;a=0
0 otherwise

4.2.3 Transient Analysis
Define the transient probability function
P,k m(s 1, 0o t) =g {(14(D), 12(D), 15(0) = G, . n) | ((0), 1x(0), 15(0)) = (i, k, m)}.
The transient matrix for 2 0 is of the form P(t) = (P, my (s I, N : )i, «, my, 1, npe Satisfies the Kolmogorov-

forward equationP’ (t)= P(t).R, where R is the infinitesimal generator of theqesg{I(t),t =0} . From the above

equation, together with initial conditidd(0) = I, the solution can be express of the f&t) = P(0)&' = &

where the matrix expansion in power series form is

eRl=1+y
n=1 N

4.2.4 Steady State Analysis

The structure of the infinitesimal matrix R revetiiat the state space E of the Markov prodéd;t =0} is

finite and irreducible. Let the limiting probabjylitistribution of the inventory level process be

"= lim P (L. Lo 1m)=(km)},

to o0

where "1 ik is the steady state probability that the systenmistate (i,k,m), (Cinlar [5]).

Let M =("2M, ™50, ™297, 297, 1. ) denote the steady state probability distribution,

where °[1 = (I'I;,ﬂ ks_l, ,I'Ik1 I ko) forj=1,2..nand k=1,2,..., S for the systender consideration. For each

(i,k,m), "I ¥ can be obtained by solving the matrix equatidR = 0
1
Since the state space is finite and R is irredacitiie stationary probability vectbr for the generator R always
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exists and satisfies
MMR=0 andIle=1
The vectofI can be represented by

= (N<QLQ2 <20L2Q2 ;< 3Q1.3Q2 f1< QL2

Now the structure of R shows, the model under stsadyfinite birth death model in the Markovian gomment.
Hence we use the Gaver algorithm for computindith&ing probability vector. For the sake of comigeess we provide

the algorithm here.
4.2.5 Algorithm

1. Determine recursively the matrix Dngth < N by using

D0:A0

Dn=A,+B,(-Dit)C, n=1,2,.K
2. Slove the system

<N> _
n Dy =0
3. Compute recursively the vecld™"”, n=N-1,......( using

m<n>=MN""""B_,,(-D;Y),n=n-1,.....(

4. Re-normalize the vectdr, using
Me=1.
4.2.6. Operating Characteristics
In this section, we derive some important systernfopmance measures.
(a) Mean Inventory Level

Let ILg; and ILg, denote the expected inventory level in the stesdie at retailer node for the commodity-1 and

commodity-2, and Ik denote the expected inventory level at distributientre. They are defined as

R S 3 .

Lee= D 7> ipssdomo>>> (4.1)
m=Q k=0i=0
nQ S 3 :

Lee= D, D D kM SsHkmo>>> (4.2)
m=Q k=00
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nQR*S S -
o= 3 3 > mAkmE g =que, (4.3)
m=Q k=0E0

(b) Mean Reorder Rate

Consider the reorder everfig for both commodities at retailer node gidof at distribution centre. It is observe
that Bp event occur whenever the inventory level at DCenogaches 0 whereas the ev@aptoccurs whenever the

inventory level at retailer node drops to eithersfsor (3,)),j < s0r (i,9),i < s,

The mean reorder rate at retailer node and distoibeentre are given by

nQ (s S

Br = z ZZ: ()\ 1)|-| <<<<s +1k,mp>>> +Z()\ 2)|-| << i+ L,m>> (4.4)
m=Q\ k=0 i=0
S2 51 )

Bp = Z Z(p_ +A D)l_l ek, Qe>>> (4.5)
k=0i=0

(c) Mean Shortage Rate
Shortage occurs only at retailer node and the rakartage rate at retailer is denotechlywhich is given by
nQ *( S S .
g =Z Z AN <<<0,k,m>>> +Z \,)N <<<i,0,m>>> &%
m=Q k=0 k=0
4.2.7 Cost Analysis

In this section we analyze the cost structure e proposed models by considering the minimizatibnhe
steady state total expected cost per time.

The long run expected cost rate for the model fimeé to be
C(S!Q): h?l II‘R1+ hRZ ILR2+ hD IL D+ k r B R+ k DB D+ g RG F (47)
where

* hgy, hro, andhp are the holding cost per unit of item of Commodity-Commodity-2 at retailer node and holding

cost per unit items (Q items, Q 5€@,) at distribution centre respectively per unit time

* ILRry, ILgy, andIL p are the inventory level of Commodity- 1, Commodidyat retailer node and inventory level

at distribution centre respectively per unit time.
 K,, and Kp are theFixed ordering cost at retailer node distributi@mtre respectively.
 Bg andBp are the mean reorder rate at retailer node amdbdigon centre.

* dg is the mean shortage rate at retail node.
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* gris the shortage cost per unit shortage at retadde.

Although, we have not proved analytically the codtyeof the cost functionTC(s;,s, Q) ,our experience with
considerable number of numerical examples indictiasTC(s;,s, Q) for fixed Q to be convex in s. In some cases, it
turned out to be an increasing function of s. Hemee adopted the numerical search procedure tordigte the optimal
values s*, consequently, we obtain optimal n*. mge number of parameters, our calculatiom 6fs;,s; Q) revealed a

convex structure for the same.
5. NUMERICAL ILLUSTRATION

In the section the problem of minimizing the lonm rtotal expected cost per unit time under theofeithg cost
structure is considered for discussion. The optimraitnes of the system parameteraral s are obtained and the sensitive

analysis is also done for the system.
The results we obtained in the steady state cagebmalustrated through the following numericabexple,
Si=20, S = 25, M= 200, A=34,=4 Ay =2, H“ =3
h,=1.1, h =1.2,k,= 1.5, = 1.9,=2.1, g, = 2.2,C, = 2.
The cost for different reorder level are given by

Table 1: Total Expected Cost Rate as a Function; &, and Q

S 2 3 4 5* 6 7 8

S 3 4 5 6* 7 8 9
0=(Q..Qy) | 40 38 36 34 32 30 28
TC(s,5 Q) | 115.7454] 105.8264 90.5506 87.90082* 94.28986 1P03B23.6665

For the inventory capacity S, the optimal reordael s* and optimal cosIC (s;, 2, Q) are indicated by the

symbol *. The Convexity of the cost function is givin the graph.
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Figure 1: Total Expected Cost Rate as a FunctiolC (S;, S2, Q), S, S; and Q
1.1. Sensitivity Analysis
The effect of changes in Demand rate at retailelerfor product 1 and 2.

Table 2: Total Expected Cost Rate as a Function WineDemand Increases

Ap=8 A=10 =12 =14 A =16
AM=12] 45.073539] 46.419608 47.214733 47.629158 47.78%721
M=141]46.271834] 47.617898 48.413028 48.827452 48.984016
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M =16 47.136498] 48.48256Q 49.2776D2 49.692117 49.848680
M=18| 47.793130] 49.139194 49.934324 50.348749 50.50%312
M =20 48.325884] 49.671948 50.4670Y8 50.881502 51.038066

The graph of the demand rate variation is giveowelnd it describes, if the demand rate incredsas the total

cost also increases.

Al=12

Al=14

Al=16

Al =18

Al =20

T T T T
AZ2=8 A2 =10 AZz2=12 A2=14 A2 =16

Figure 2: TC (S,, S2, Q) for Different Demand Rates

Table 3: Total Expected Cost Rate as a Function WineS; and S Increases

S$=2 Si=4 Si=6 Si=8 $=10

S;=45| 111.998164] 118.761642 124.799813 130.6644786.843108|
S;=50 | 118.699318 124.359054 129.299781 133.996082 1381073
S;=55| 123.090318 127.562168 131.434202 135.090008 1381765
S;=60 | 125.576395 129.128145 132.243072 135.192545 1382837
S;=65 | 126.984419 130.065937 132.851239 135.511516 1384145
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51-65

T T
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Figure 3: TC (S;, S2 Q) For Different S; and § Values
From the graph it is identified that the total ciostreases when the s and S increases.

Table 4: Total Expected Cost Rate as a Function WineS; and S Increases

S=30 | S=35 | S,=40 | S,=45 | S,=50
S,=20 | 189.8666] 179.2934 165.6356 152.2989 141.219
S,=25 | 195.0113] 186.1366 173.264 159.6361 147.8542
S,=30 | 199.5703] 192.4455 180.7208 167.1J07 154.6623
S,=35 5 )9
S;=4 > 3

203.6145| 198.165% 187.87¢ 174.6251 161.6628
=40 | 207.2345| 203.2862 194.62 182.1144 168.8466
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Figure 4: TC (S, S2 Q) for Different S; and S Values

51

From the graph it is identified that the total cdstrease whern, $hcreases and increases whemn8reases

Table 5: Total Expected Cost Rate When Hand Hy Increases

hD=004 hD=008 hD=012 hD=016 hD=020
hg=0.002| 43.1924942 43.87908 44.5655 45.25p06 4520386
hg=0.004| 43.2037231 43.89028 44.5767 45.26326 4520498
hg=0.006| 43.2149519 43.90148 44.58804 45.27446 46261
hg=0.008| 43.2261794 43.91268 44.59924 45.28566 432)2
hg=0.010| 43.2374082 43.92388 44.61044 45.207 45.98342
46 T
45 J\ ' = hR=0.002
a4 1' = hR=0.004
a3 _I, . - hR=0.006
a2 7 hRedi820.008
P /~ hR=0Bd&H=0-010
41 ’Lﬁ”’*-fﬁ——fw_,,ﬁ_w_ /
I~ o T hR=0.002
© & & ‘9”'?‘

Figure 5: TC (S;, S2. Q) for Different H, and Hy Values

As is to be expected the graph shows that the ¢otdlincreases wher énd hy increases

Table 6: Total Expected Cost Rate When Gand Ky Increases

gR=0-2 gR=0-4 gR=0.6 gR=0.8 gR=1-0
kp=10 | 32.346269 33.06786 33.78945 34.51104 35.23264
kp=15| 34.204663 34.926255 35.64785 36.36944 37.09103
kp=20 | 36.063059 36.78465 37.506P4 38.22Y83 38.94943
kp=25| 37.921453 38.643045 39.36464 40.08623 40.80782
kp=30 | 39.779848 40.50144 41.22303 41.94462 42.66622
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Figure 6: TC (S;, S2. Q) for Different Gg and Ky Values
As is to be expected the graph shows that the ¢o&tlincreases wher a@nd k increases.
6. CONCLUSIONS

This paper deals with a two echelon Inventory systéth two The demand at retailer node follows neiedent
Poisson with raté.; and A,. The Joint replenishment ordering policy is applag retailer node. The direct demand at
distributor is assumed to be Poisson with fateThe structure of the chain allows vertical movetngingoods from to
supplier to Retailer. If there is no stock for puotiat retailer the demand is refused and it sté as lost sale. The model
is analyzed within the framework of Markov processhint probability distribution of inventory ldseat DC and Retailer
for both products are computed in the steady si&eious system performance measures are deriveédhenlong-run
expected cost is calculated. By assuming a suitadé structure on the inventory system, we haesgnted extensive
numerical illustrations to show the effect of char@f values on the total expected cost rate. Itldvdne interesting to
analyze the problem discussed in this paper bxirglahe assumption of exponentially distributeaddimes to a class of
arbitrarily distributed lead-times using techniqfi@sn renewal theory and semi-regenerative prosesdece this is done,

the general model can be used to generate vanmesad eases.
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